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I. Functions
A function is a rule that associates each member of one set of
values (the independent variable) to a value in another set of values (the
dependent variable).
II. Sine and Cosine Functions
For these two trigonometric functions, we can ask, what is the
independent variable, and what is the rule that associates values of the
independent variable to values of the dependent variable?
First, some context. Set up a two-dimensional rectangular
coordinate system. Pick a point anywhere, and draw a line from the
origin of the coordinate system to your point. Call the coordinates of this
point x and y. Call the distance from the origin to this point d. (See the
diagram below.)
The line from the origin to the point and the x-axis intersect each
other (at the origin) and form an angle. Call this angle, measured
positively counterclockwise from the x-axis, θ.
[Note: Although we define units for measuring angles (namely,
degrees or radians), angles are dimensionless quantities. Who would
have thought it: a dimensionless quantity that has units!]
So, for the sine and cosine functions, what is the independent
variable? Answer: the angle, θ.

For the sine function, what is the rule
that associates θ with the value of the
dependent variable (that is, the sine of θ, or
sin(θ))? It is as follows: Given a point (x,y) and
a value of θ as defined above, divide the ycoordinate of the point by the distance of the
point from the origin, d. Mathematically:
sin(θ) = y/d.
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This should make it clear that sin(θ) is dimensionless (because it is
defined as the ratio of two quantities with the same dimensions).
For the cosine function, the rule is “given a value of θ, divide the xcoordinate of the point by the distance of the point from the origin, d.
Mathematically: cos(θ) = x/d.
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You might have learned about the sine and cosine functions in
terms of the ratio of the lengths of two sides of a right triangle. The
problem with defining sine and cosine functions in this way is that it
works only for points in the upper-right quadrant of the coordinate
system. In any of the other three quadrants, either the x-coordinate or
the y-coordinate, or both, is negative, whereas the lengths of the sides of
a triangle are positive quantities (because they are lengths or distances,
not coordinates).
Consider the point in the diagram at
right. In this case, y > 0 but x < 0, so sin(θ) =
y/d is positive ( and < 1) but cos(θ) = x/d is
negative (and | x/d | < 1). (Because d is a
distance, not a coordinate in the rectangular
coordinate system, it is always positive.)
For the point in the diagram at right, y
and x are both < 0, so both sin(θ) and cos(θ)
are negative (and have magnitude < 1).
For a point in the lower-right hand
quadrant (not shown), sin(θ) would be
negative but cos(θ) would be positive.
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For the cases where the point lies directly on either the x- or yaxis, so that the y-coordinate or the x-coordinate of the point is zero, the
rule still applies in a very straightforward way.
For example, when the point lies on
the y-axis with y > 0, as in the diagram at
right, so that θ = 90° = π/2 radians, the
x-coordinate of the point is zero and the
y-coordinate equals the distance of the
point from the origin, d. Hence,
sin(θ) = y/d = 1, and cos(θ) = x/d = 0.
When the point lies on the x-axis with
x < 0, so that θ = 180° = π radians (as in the
diagram at right), the x-coordinate is equal
in magnitude to the distance d (but unlike d,
is negative) and the y-coordinate is zero.
Hence, sin(θ) = y/d = 0, and
cos(θ) = x/d = −d/d = −1.
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Similarly, for the point on the x-axis with x > 0 (not shown), so
that y = 0, x = d, and θ = 0, then sin(θ) = y/d = 0 and
cos(θ) = x/d = d/d = 1.
And finally, for a point lying on the y-axis with y < 0, so that y = −d,
x = 0, and θ = 270° = 3π/2 radians, then sin(θ) = y/d = −d/d = −1 and
cos(θ) = x/d = 0.
For angles greater than 360° (2π radians), the function values
repeat themselves, so the sine and cosine functions are periodic.
For angles less than zero (that is, angles measured clockwise from
the x-axis), the function values also repeat themselves.
If we plot the values of the sine function vs. the independent
variable, θ, then we get the following:
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Note again that the magnitude of the sine function never exceeds
1. Its maximum value is 1 and its minimum value is −1. It is zero at 0°
(0 radians) and at intervals of 180° (π radians). The sine function forms
a pattern that repeats itself with a period of 360° (2π radians), so that
sin(θ) = sin(θ+2π) for all θ.
The angle, θ, is called the phase of the periodic pattern. It
determines the part of the pattern you are in (for example, at a peak, at
a trough, or somewhere in between).
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A plot of the cosine function vs. θ looks like this:
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Note that like the sine function, the maximum value of the cosine
function is 1 and its minimum value is −1, so the magnitude of the cosine
function never exceeds 1. Unlike the sine function, the cosine function
has a value of 1 at 0° (0 radians) and −1 at 180° (π radians), and is zero
at 90° (π/2 radians) and at 270° (3π/2 radians). Like the sine function,
it forms a pattern that repeats itself with a period of 360° (2π radians),
so that cos(θ) = cos(θ+2π) for all θ.
The plot of cos(θ) vs. θ is the same as the plot of the sine function
shifted to the left (phase shifted) by 90° (π/2 radians). As a result, we
can write cos(θ) = sin(θ+π/2). That is, the sine and cosine functions are
“out of phase” by 90° (π/2 radians).
III. Derivatives of the Sine and Cosine Functions
You learned in first-semester calculus that the derivatives of the
sine and cosine functions with respect to their independent variable are:
d sin (θ )
= cos (θ )
dθ
d cos (θ )
= −sin (θ )
dθ
(You might have learned this with a different notation, where the
symbol “x” represents the independent variable rather than θ, but this
just changes the name assigned to the independent variable, and the
name can be anything you want. Changing the name doesn’t change the
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fact that the independent variable is an angle and is dimensionless, nor
does it change the fact that the sine and cosine functions are defined as
ratios of a position coordinate (x or y) to a distance (d) and hence are
also dimensionless.)
How do we know what these derivatives are? That is, how do we
know that d sin (θ ) dθ = cos (θ ) , for example? To answer that, we need to
apply the definition of a derivative, a trigonometric identity, and an
approximation.
First, d sin (θ ) dθ is just a shorthand notation for the derivative of
the sine function with respect to its independent variable:

d sin (θ )
dθ

≡ lim

sin (θ + Δθ ) − sin (θ )

(θ + Δθ ) − θ
sin (θ + Δθ ) − sin (θ )
= lim
Δθ →0

Δθ →0

Δθ

Second, a useful trigonometric identity (which we won’t try to
prove here) is:

sin ( a + b) = sin ( a) cos ( b) + cos ( a) sin ( b)
Apply this identity to sin (θ + Δθ ) in the definition of d sin (θ ) dθ
above:

⎡⎣sin (θ ) cos ( Δθ ) + cos (θ ) sin ( Δθ )⎤⎦ − sin (θ )
d sin (θ )
= lim
Δθ →0
dθ
Δθ
Reorganize the terms in the numerator and break into two terms:

sin (θ ) cos ( Δθ ) − sin (θ )
cos (θ ) sin ( Δθ )
+ lim
Δθ →0
Δθ →0
Δθ
Δθ

= lim
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Factor sin(θ) out of the numerator of the left-hand term, and
recognize that sin(θ) and cos(θ) don’t vary as we take the limit as
Δθ → 0 (because θ and Δθ are independent of each other), so we can
pull sin(θ) and cos(θ) out of the limit (because they are effectively
constants as far as the limit-taking operation is concerned):

sin (θ ) (cos ( Δθ ) −1)
d sin (θ )
sin ( Δθ )
= lim
+ cos (θ ) × lim
Δθ →0
Δθ →0
dθ
Δθ
Δθ
(cos (Δθ ) −1) + cos (θ ) × lim sin (Δθ )
= sin (θ ) × lim
Δθ →0
Δθ →0
Δθ
Δθ
Finally, we invoke an approximation. It is possible to show that if
θ is small, then sin(θ) ≅ θ (consistent with the fact that sin(0) = 0). You
can see why this approximation might be true on the plot of sin(θ) vs. θ
on page 3. For values of θ close to zero, the plot is almost linear, with an
intercept of 0 and a slope of about 45°. These are characteristics of a
plot of the function f(x) = x vs. x, that is, a plot of a variable against itself.
Hence, for values of θ close to zero, the values of sin(θ) are very nearly
equal to θ, and they get closer and closer to θ as θ gets smaller. That is,
the approximation gets better and better the smaller θ gets (and
becomes exact in the limit as θ goes to 0). (It is possible to show this
more formally by using a Taylor series expansion of the sine function.)
Similarly, it is possible to show that for small values of θ,
cos(θ) ≅ 1 – θ2 (consistent with the fact that cos(0) = 1). You can see
why this approximation might be true on the plot of cos(θ) vs. θ on page
4. For values of θ close to zero, the plot has a shape very much like an
inverted parabola with intercept of 1, which is what cos(θ) ≅ 1 – θ2 is.
Hence, for values of θ close to zero, the values of cos(θ) are very nearly
equal to 1 – θ2, and they get closer and closer to 1 – θ2 as θ gets smaller.
(It is possible to show this more formally by using a Taylor series
expansion of the sine function.)
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Applying these approximations to sin(Δθ) and cos(Δθ) as Δθ
becomes very small in the expression for the derivative above, we get:

(

2

)

1− ( Δθ ) −1
d sin (θ )
Δθ
= sin (θ ) × lim
+ cos (θ ) × lim
Δθ →0
Δθ →0 Δθ
dθ
Δθ
2

− ( Δθ )
= sin (θ ) × lim
+ cos (θ ) × lim 1
Δθ →0
Δθ →0
Δθ
= sin (θ ) × lim (−Δθ ) + cos (θ )
Δθ →0

= sin (θ ) × 0 + cos (θ )
= cos (θ )
We can do the same sort of thing to show that

d cos (θ )
dθ

= −sin (θ ) .

IV. Derivatives of Composite Functions Involving Sine and Cosine
Functions
In many applications, the independent variable of the sine and
cosine functions, the angle θ, itself depends on something else, such as
time or location (position), or both. In those cases we would write
θ = θ(t) or θ = θ(x) or θ = θ(x,t), where t represents time and x
represents position in space along a coordinate axis. The value of the
sine and cosine functions depends only indirectly on t and/or x, or both,
and we could ask, how much does the sine or cosine function vary per
unit change in t or x? Since the sine and cosine functions depend on θ
directly and on t or x only indirectly (through the dependence of θ on t
and/or x), we have to answer the question by applying the chain rule.
The chain rule can be written like this:
df (g(x)) df ( g) dg ( x )
=
×
dx
dg
dx
where f(g) is a function of (that is, depends upon) the independent
variable g, and g(x) itself is a function that depends upon the
independent variable x. The chain rule says that the change in the
function f per unit change in the independent variable x depends upon
how much g changes per unit change in x and also how much f changes
per unit change in g. This should make good, intuitive sense!
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If the sine or cosine function depends upon the angle, θ, and θ
depends upon t or x or both, then we can apply the chain rule to answer
the question: how much does the sine or cosine function vary in
response to a unit change in t or x?

d sin (θ (t ))

d sin (θ ) dθ (t )
×
dt
dθ
dt
dθ (t )
= cos (θ ) ×
dt
or in the case where θ = θ(x,t):
=

∂sin (θ ( x, t ))

d sin (θ ) ∂θ ( x, t )
×
∂t
dθ
∂t
∂θ ( x, t )
= cos (θ ) ×
∂t
and similarly for a derivative with respect to x, and derivatives of the
cosine function.
=

A common relationship between θ and t might be: θ (t ) = 2π t T ,
where T is the period of the periodic sine or cosine function. (T has
dimensions of time, just as t does, so t/T is dimensionless, and hence so
is θ, which in this case is expressed in radians. The version based on
units of degrees would be θ (t ) = 360° × t T . Either way, as t varies from
0 to T, the angle varies from 0 to 2π or 360° (one full cycle of the
periodic sine or cosine function).
dθ (t ) d ( 2π t T ) 2π dt 2π
2π
=
=
=
×1 =
So, we could write:
dt
dt
T dt T
T
and so:
d sin (θ (t )) d sin (θ ) dθ (t )
=
×
dt
dθ
dt
d ( 2π t T )
= cos (θ ) ×
dt
= cos (θ ) × ( 2π T )

= ( 2π T ) × cos ( 2π t T )
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A common relationship between θ and both t and x might be:
⎛x t ⎞
2π
θ (x, t) =
( x − ct ) = 2π ⎜⎝ − ⎟⎠
L
L T
where L is the wavelength of spatially periodic variation and c = L/T is
the phase speed, the speed at which the periodic pattern travels parallel
to the x-axis). The sine and cosine functions in this case vary
periodically in both spatial position and in time.
(Note that for the phase, θ, to remain constant as t progresses,
then x must also vary—that is, the position at which the phase (the
particular location relative to the periodic pattern) remains constant
varies with respect to time, and it must vary at the rate c.)
When θ (x, t) =

⎛x t ⎞
2π
( x − ct ) = 2π ⎜⎝ − ⎟⎠ , then:
L
L T

∂sin (θ ( x, t ))
∂t

d sin (θ ) ∂θ ( x, t )
×
dθ
∂t
⎛ 2π
⎞
∂ ⎜ ( x − ct ) ⎟
⎝ L
⎠
= cos (θ ) ×
∂t
2π ∂ ( x − ct )
= cos (θ ( x, t )) ×
L
∂t
⎛ 2π
⎞ 2π ⎛ ∂t ⎞
= cos ⎜ ( x − ct ) ⎟ ×
⎜ −c ⎟
⎝ L
⎠ L ⎝ ∂t ⎠
⎛ 2π
⎞
2π
= −c
cos ⎜ ( x − ct ) ⎟
⎝ L
⎠
L
⎛ 2π
⎞
2π
=−
cos ⎜ ( x − ct ) ⎟
⎝ L
⎠
T
=

Applying the chain rule to determine
and

∂cos (θ ( x, t ))
∂t

is analogous.
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∂sin (θ ( x, t )) ∂cos (θ ( x, t ))
,
,
∂x
∂x

